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SUMMARY 

The results of tests of round heat—treated chromium— 
molybdenum— st eel tubing are presented. Tests were made on 
tubing under axial load, bending load, torsional load, 
combined bending and axial load, combined bending and tor- 
sional load, and combined axial, bending, and torsional 
load. Tensile and compressive tests were made to deter- 
mine the properties of the material. Formulas are given 
for the evaliiation of the maximum strength of this steel 
tubing under individual or combined loads. 

The solution of an example is included to show the 
procedure to be followed in designing a tubular cantilever 
member to carry combined loads. 

INTRODUCTION 



Some of the tubular members, such as the landing 
gear, used in aircraft are subjected to combined axial, 
bending, and torsional loads. The design of such members 
reouires a knowledge of their strength under various com- 
binations of these loads. For a given loading any of the 
stresses within the elastic range may be computed; but 
these stresses will give little or no information as. to 
the nearness of failure, which occurs in the plastic range. 
To predict plastic failures theoretically for any but the 
simplest of cross sections and the simplest of stress- 
strain diagrams is an insuperable task. In order, there- 
fore, to estimate the strength at failure under combined 
loading of practical shapes made of practical materials, 
such shapes must be tested to failure under the desired 
conditions of loading. 

The interest of the Bureau of Aeronautics, Navy 
Department, in the strength of round heat— treated chromium— 
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molvbdenura-steel tubing under combined loads led tc the 
transfer of funds to the National Bureau of Standards for 
an investigation of the subject. Most of the tests pre- 
viously made under combined loading have "been nade on ex- 
tremely thin sections, so that the results are not appli- 
cable to the relatively thick sections that are of primary 
interest. Moreover, no tests of heat— treated chromium- 
molybdenum— st eel tubing are known to be available. 

She plan of the investigation consists of a series 
of tests under axial load, bending load, and torsional 
load alone, a series under axial load combined with bend- 
ing load, a scries under bending load combined with tor- 
sional load, and finally, a series in which axial load, 
bending load, and torsional load act simultaneously. It 
was not possible to make tests under torsional load com- 
bined with axial load because the clear distance [ 
(5 di&fiU ) between loading points would have been so great 
in order to get away from local effects that the resulting 
length of the specimen would have made large bending 
stresses unavo idabl e . 

The Bureau is indebted to the Summer ill Tubing Company 
for donation of the tubing. 

The author wishes to acknowledge the help received 
from various members of the Engineering Mechanics Section, 
particularly from Mr. J. Southall IToble who, assisted in 
the most difficult series of the tests: namely, those under 
combined axial, bending, and torsional loads. Mr. Noble* s 
care and anticipation of things to be done were of inesti- 
mable value in obtaining such success as was obtained. - 



MATERIAL AND TESTS OF MATERIAL 



The material was round, heat— treat ed, S.A.E. X4130 
tubing. The lowest 0.002— offset tensile yield strength of 
the material tested was 155,000 pounds per square inch, 
the lowest tensile strength was 164,000 pounds per square 
inch, and the lowest elongation in 2 inches of the full 
tube was 5 percent. Thus , the tubing did not all comply 
with the requirements for tubing in any one physical con- 
dition specified in Army— ITavy Aeronautical Specification 

850a: Tubing; Steel, Chr oin e-Ho lybdenum (X4130), 
Seamless. Except for the requirement for elongation in 2 
inches, however, all the tubing complied with the required 
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mechanical properties for (HT— 150) tubing, minimum yield 
strength of 135,000 pounds per square inch, minimum ten- 
sile strength of 150,000 pounds per square inch. 

The nominal cr o s s— s e ct i onal properties of the tubes 
are given in table I. The letter in the first column is 
the symbol used to identify the size of the tubing -that 
is, outside diameter (d) and thickness of wall (t). 

At least one tensile specimen and one compressive 
specimen were taken from each tube. 

All specimens v/ere marked with symbols that indi- 
cated by an initial digit the tube from which the speci- 
men was cut, by a letter (H) the fact that the material 
was heat treated, by another letter the nominal size of 
the tube, then by one or mere letters following a dash, 
the type of test to which the particular specimen was to 
be subjected, and by a final digit different specimens 
intended for the same type of test. The letters indicat- 
ing the nominal sizes of the tubes are given in table t. 
The letters A, 3, and T were used to indicate axial, 
bending, and torsional loading, respectively, except that 
To was used for pure torsion and T by itself was used 
for tension. The letter C was used to indicate compres- 
sive specimens (axial loading) for which stress-strain 
data were obtained. For example, specimen 3HA-BT1 was 
cut from tube 3 of heat— treated chromium— molybdenum steel, 
H, having the nominal size 1^ inches diameter by 0.120 
inch thick, A (table I), and was tested in combined 
bending and torsion, 3T . The final 1 distinguished this 
specimen from other specimens cut from tube 3HA, also 
tested in combined bending and torsion, such as 3HA-BT 
and 3HA-3I2. Specimens 3HA-T , 3KA— C , and 311 A- To would be 
tensile, compressive, and torsional specimens, respective- 
ly, cut from tube 3HA. Specimen 3 HA— A would be a specimen 
like 3HA— C, for which only the crinkling strength, not 
stress— strain data, would be obtained. 

Measured dimensions of specimens were used in all 
computations. In general, alternate specimens in a tube 
were measured. The lengths, minimum and maximum thick- 
nesses at each end, and outside dia,meters at the middle 
were measured. Most of the measured specimens v/ere also 
weighed. The cross—sectional areas v/ere in most cases 
computed from the weights, the lengths, and the densities; 
otherwise, the areas were computed from the average meas- 
ured diameter and the average measured thickness of each 
specimen. Similarly, the average thicknesses and the 
section moduli were determined from the computed cross— 
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sectional areas and the measured outside diameters unless 
the specimens were not weighed, in which case these quan- 
tities were determined directly from the measured dimen- 
sions. The thicknesses, cross—sectional areas, and sectian 
moduli of specimens adjacent to or "between measured speci- 
mens were taken equ#l to those of adjacent specimens or 
they were interpolated "between values for measured speci- 
mens . 

Tensile tests were made of tT f ull— tube" specimens in 
suitable testing machines. Compressive tests were made 
as described in reference 1, except that new hydraulic 
testing machines were used. The three shortest specimens 
shown in figure l(&) are compressive specimens after test. 
One of these specimens has still attached to its ends the 
Wood 1 s— metal castings used to secure somewhat more uniform 
conditions at the ends of compressive specimens and of 
crinkling specimens. As in the earlier tests (reference l) 
the machines were not particularly well adapted for com- 
pressive tests, many of the specimens, although only four 
diameters long, showing evidence of bending at failure. 
The "bending may have "been due to tilting of the platen 
caused "by yielding of the packing "between ram and cylinder 
of the testing machine. It is Relieved that the ram of a 
hydraulic machine designed for compressive tests should 
be a close fit In the cylinder - close enough to 
dispense with packing. Bending in the specimens may pos- 
sibly also have "been induced "by exceeding the critical 
loads of the testing machines. An excellent discussion of 
this phenomenon may he found in reference 2. 

Strains up to approximately 0.01 were measured with a 
Ev/ing ext ensomet er on a 2— inch gage length in all tensile 
and compressive specimens except one tensile specimen. 
Two Tuckerman strain gages on 2— inch gage lengths were used 
on this specimen. 

The moduli of elasticity were obtained from the stress- 
strain data by means of deviation curves (reference 3). 
Two tensile yield strengths were obtained for each tensile 
specimen from stress-strain curves: namely, the 0.002— 
offset yield strength and the 5/7 E— secant yield strength. 
The offset yield strength is well known, the secant yield 
strength is discussed in reference 4. It is the stress at 
the intersection with the stress-strain curve of a straight 
line through the origin having a slope 5/7 where E 
is Young 1 s modulus. The 5/7E— secant yield strength was ob- 
tained for each compressive specimen from stress-strain 
curves. Figure 2 shows typical s tr ess— strain curves. The 
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short crocs lines near the tops of the. curves indicate 
the yield strengths, the left-hand lines of the tensile 
diagrams indicating the offset yield strengths. The 
mechanical properties are given in table II. 

In most (18) of the tubes a compressive specimen * 
v/as cut adjacent to a tensile specimen and it was there- 
fore possible to compare the compressive with the tensile 
properties unaffected by wide variations along the tube. 
In an attempt to correlate the compressive yield strength 
with tensile properties, various quantities were plotted 
against each other. It was found that the compressive 
yield strength, S , could be. predicted from the tensile 
strength, T, both in pounds per square inch, by the 
linear relation * 

S = 7/6 (T - 30,000), 174,000 < T < 194,000 (l) 

Figure 3 shows the plotted values and the line represented 
by equation (l). The maximum difference between an ob- 
served compressive yield strength and the yield strength 
computed from the formula was 7350 pounds per square inch 
or 4.2 percent; the observed yield strength was lower by 
this amount. When the compressive yield strength was 
plotted against the secant tensile yield strength, a 
greater scatter v/as found than in fig-are 3. 

Some wide variations in mechanical properties were 
found along some of the tubes and may have existed in 
others. At one end "of tube SKY the secant yield strength 
and the tensile strength were 156,000 and 154,000 pounds 
per square inch, respectively, and about 100. inches from 
this end they were 173,000 and 187,000 pounds per square 
inch, respectively. The tensile specimen from tube 4HD 
was cut from an end and had a tensile strength of 171,000 
pounds per square inch. The adjacent compressive specimen 
had a yield strength of 181,000 pounds per square inch. 
This yield strength was so much higher than would be ex- 
pected from the results of the other tests, figure 3, that 
the tensile strength is believed to have been abnormally 
low. The values for tube 4HD were not used in obtaining 
equation (l) and are not plotted in figure 3. Omitting 
them in predicting compressive yield strength is on the safe 
side. One other tube, IKY , had a tensile specimen cut 
from one end. This specimen had a tensile strength of 
168,000 pounds per Square inch, and there are indications, 
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which will "be discussed subsequently, that this value is 
also abnormally low* Two compressive specimens from tube 
2HD were about 564- inches apart, center to center. The 
compressive yield strengths of these specimens differed 
by 184 pounds per square inch per inch of distance be- 
tween them, or over 0.1 percent per inch. 



AXIAL T3STS 



The axial tests consisted of the compressive tests 
and a few crinkling tests, the only difference between 
these two categories being that stress-strain data were 
not taken on the crinkling specimens* Three compressive 
specimens after test are shown in figure 1(a). 

The results of the axial tests are given in table 
III. The symbols d and t are the outside diameter and 
the thickness of the wall, respectively, of the specimen. 
The crinkling strength, f a , is the maximum axial load 
sustained by the specimen divided by its cross-sectional 
area* The lower group of points in figure 4 shows the 
relation between d/t and f^. One point, enclosed in 
braces (specimen 4HY-C), is in question because the 
specimen was recut from a specimen tested under combined 
axial, bending, and torsional loading. Otherwise, the 
scatter in figure 4 is to be attributed largely to vari- 
ations in the properties of the material, particularly 
the compressive yield strength. As discussed in reference 

1, the scatter can be much reduced by plotting o ^ = -A 



I 



G 



against — « — — , where d_ is the mean diameter, &- t, 
8 bd m m 

of the specimen. Values of l/fi and are given in 

table III and are plotted as the lower group of points in 

figure 5. The compressive yield strengths of 28 of the 

compressive specimens (all except 4HY-C) were known accu- 
rately, and the relation between and l/g for these 
specimens can be given by 

» 

OA = 0.67 + 0.112- - 0..0099— + 0.0003-rr, 4 < ^ < 16 (2) 

with a maximum deviation in of 0.020 or less than 2 

percent. The data in themselves are not considered to 
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warrant the refinement implied in equation (2), "but the 
use to "be made of the da f a in subsequent estimates of 
compressive yield strengths and in the combined tests 
made it seem desirable to approximate as closely as rea- 
sonably possible by means of an analytical expresnicn. 
The curve represented by equation (2) is shown in figure 5. 
To one familiar with the type of results depicted, the 
occurrence of a point of inflection may cause some skepti- 
cism, but a ready explanation may be given, Ihe compres- 
sive stress—strain curves of the HA material (l/S between 
15 and 16) all were appreciably steeper in the plastic 
range than those of the other material. Consequently, in 
accordance with Geckeler f s theory (references 1 and 5), 
higher loads at failure would be expected from the HA 
material than if its stress-strain curves had been less 
steep in the plastic range, sp e c if i cal ly % less steep at 
the stress at failure. 

Specimens 1HL— A and 1EL— Al were taken between two 
compressive specimens, and their moduli of elasticity and 
their yield strengths wore estimated by linear interpola- 
tion between the values found for the compressive speci- 
mens. The points representing specimens 1HL— A and 1HL— Al 
in figure 5 are enclosed in brackets. The moduli of elas- 
ticity of the other crinkling specimens were assumed equal 
tc that of the compressive specimen of the tube from which 
they came. Their yield strengths were estimated, as ex- 
plained in appendix A, from equation (2) and the maximum 
variation in yield strength found between two compressive 
specimens from the same tube, namely 184 pounds per square 
inch per inch, all tubes with two compressive specimens 
being considered. The points representing these specimens 
in figure 5 are enclosed in parentheses. Finally, the 
point representing specimen 4HY— C is enclosed is braces, 
because it is questionable as mentioned previously, and 
should be left cut of consideration. This point fortunate- 
ly falls above the curve, and its omission is th er ef or e on the 
safe sidfl. 

b:::tdihg tests 



The bending tests were made as described in reference 
1, the specimens being loaded symmetrically at two sec- 
tions and essentially the same apparatus with a few prac- 
tical modifications being used. Three bending specimens 
after test are shown in figure l(b). 
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The results of the bending tests are given in table IV. 
The .modulus of rupture, feg., was computed from the famil- 
iar flexure formula, 

where H is the maximum bending moment sustained, and 
Z is the section modulus of the cross-sectional area. 
The upper group of points in figure 4 shows the relation 
between d/t and f 3 . As in the axial tests, the scatter 
is pronounced and somewhat more marked than in those tests. 
It seems- likely that variation in the mechanical proper- 
ties cir cumf er ent iaily as well as longitudinally and from 
tube to tube enter the picture here. If, for example, 
the compressive yield strength of the part of the specimen 
in compression happened to be relatively low, the bending 
strength of that specimen would be lower than if it had 
been tested with this part in some other position. With- 
out a knowledge of the circumferential variation of the 
mechanical properties nothing can be done to correct for 
their effects, but something can be done about that part 
of the scatter caused by variation in the average compres- 
sive yield strength between specimens, at least to the 
extent to which the yield strengths of the individual 
specimens are known. Again, as in reference 1, a s - 

■S I E t 

— — i s plotted against — ■ Values of l/8 and 

Sd 8 Sd n 1 

a 3 are given in table IV and are plotted as the upper 

group of points in figure 5. Values of the moduli of elas- 
ticity and the compressive yield strengths were estimated 
as explained in appendix A. Two specimens, B and 

2HP— Bi , were more than 100 inches away from the nearest 
specimen for which a yield strength could be estimated 
with some degree of assurance and, in view of the large 
possible variation in yield strength in this length, about 
10 percent, the points representing these specimens in 
figure 5 have been enclosed in braces . They are 
considered unreliable. Specimen 2HF— B (the lower point 
in the figure), moreover, was cut from an end of the tube 
and may well have had an abnormally low tensile yield 
strength and possibly a somewhat lowered compressive yield 
strength* One other point, "is conspicuous ; namely., 
the one representing specimen 3KY— B . This specimen also 
was exit from an end of the tube, but because it was less 
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than 100 inches from a specimen with a fairly reliably 
known yield strength, it did not seem justifiable to throw 
it out, even though its yield strength was not so well 
known as was to "be desired. Other low points in figure 5 
similarly represent specimens cut from ends of tubes; but 
because not all specimens cut from ends give low values 
of er-g, a considerable number of additional tests would 

be necessary to establish a relation between l/fi and 
that could be said to be definitely better than one 

based on the available data. If only specimens B 
and 2HS 1 — Bl are neglected, the relation between a-g and 

l/fi can be given by 

a-o = 0.7 + 0.1S ~ -C.G15 Jfe * 0.000485 4* 4 < — < 16 (3) 

6 fi 2 6 8 

with a deviation in of S.5 percent for specimen SHY— B 

and otherwise with a maximum deviation of 4.5 percent. 
The two curves in figure 5 probably should have the same 
shape: for example, if one of them is markedly concave 
downward over part of the range of l/fi and concave up- 
ward over the rest of the range, one would expect the 
other to be so also, although the point of inflection 
might not come at exactly the same l/fi. If all specimens 
cut from ends of tubes were neglected and a fair curve to 
represent the results were drawn, the curve would follow 
the shape of the curve representing crinkling strength 
less closely than the curve shown in figure 5. The curve 
of crinkling strength is well established and the curve 
of bending strength should follow it. It therefore seems 
that equation (3) is at least as good as, and probably 
better than, a relation obtained by neglecting specimens 
cut from the ends of tubes. Including these specimens is 
safe because is lowered when they are included. 

As in the case of the axial tests, the refinement im- 
plied by equation (.3) is not justifiable on the basis of 
the data alone. The use to be made of these data in the 
analysis of the combined testa later, however, made it seem 
desirable to approximate closely to them. The rise in Of-g 
at high values of l/fi is to be explained in the same way 
as the rise %&* a A at high values of l/fi. 
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TORSIONAL TESTS 



Eho torsional tests were made as described in refer- 
ence 6* Three torsional specimens after test are shown 
in figure l( c ) . 

The results of the torsional tests are given in 
table V. The modulus of rupture in torsion/ fj, was 

computed from the formula 



where Hjg is the maximum' twisting moment. The relation 
between d/t and f j, is shown in figure P, The scatter 

in the points is due primarily to variation in the mechani- 
cal properties of the specimens. The most significant 
property in this respect is prcbably the compressive 
yield strength. In order to introduce this quantity in 
a rational manner, the solution for two-lobed buckling 
of a Ions, thin elastic cylindrical shell under torsion 
Is examined* Tinoshenko (reference 7) finds the shearing 

d 

stress f m = f T ~ a - the instant of buckling to be 

a 

given by 



^m = 



3E f JLV 1 

3(1- v 2 )* V d m/ 



The theory for plastic buckling- is not known to have been 
worked out, but it is probable that, as in C-eckele.- l s 
theory (reference l), the double-modulus would appear on 
the right side of the equation and that a relation could 

be found between the variables JL = (|Lj 3 aa £ T m n 

% . . . 

"i d~ wniCi ' 1 would be the same for all materials having 

affinely related stress-strain curves (S necessarily being 
the secant yield strength). For the elastic case the re- 
lation would be 
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3(l_ v s)| V s s. 



(4) 



The preceding considerations suggest that T rp "be 
plotted against — — . Values of these nond im ens i onal 

variables are given in table V and have been plotted in 
figure 7. Values of the moduli of elasticity and the 
compressive yield strengths were estimated as explained 

in appendix A. The relation between — and t rp can 
be given by 



- 0.8) + 0.5, 0.8- 



<3.2 



(5) 



with a maximum deviation of 5.5 percent. Equation (4) for 



/ 64 PL 

elastic buckling, with v = / 1 — — 3 / T ^0.25, is also 

V 75 v 3 

represented in figure 7 by the dotted curve. 



COMBINED AXIAL AND BENDING TESTS 



The combined axial and bending tests were made in a 
horizontal testing machine. Figure 8 shows the setup for 
a test. The ends of the specimen were plugged with snug- 
fitting plugs, shown at the right in figure 9. The outer 
ends of the plugs contained hardened steel inserts, shown 
in the top plug in figure 9, and were turned to fit close- 
ly in the ball bearing shown in the pillow— block assembly 
in figure 9. When a plug was pushed into one of the ball 
bearings, its hardened insert bore on a half—inch steel 
ball in the p illow— bl o ck assembly, shown on the axis of 
the ball bearing in figure 9. The point of contact be- 
tween the hardened insert and the ball was accurately lo- 
cated on the axis of rotation of the pillow blocks. The 
capacity of one of the pillow— block assemblies was 20,000 
pounds . 



Tests v/ere made as follows. The pillow— block assem- 
blies were securely fastened to the heads of the testing 
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machine With the axes ci the pillow "blocks' horizontal and 
accurately parallel (fig. 8). Loading clamps (reference l) 
were applied to symm e t r i cally situated sections of the 
specimen not less than about 6 diameters apart, and the 
plugs mentioned previously were pushed into the ends of 
the specimen. The specimen was then transferred to the 
testing machine, the outer ends of the plugs "being inserted 
in the "ball hearings of the p ill ow— bio ck assemblies; one 
plug was inserted first and the head of the machine was 
then moved up and the other plug inserted. • An initial 
axial load of a few hundred pounds, depending on the size 
of the specimen, was applied. 

A clef iect ometer (figs. 8 and 10) was attached to the 
middle of the specimen. -ince the middle of the speci- 
men assumed a pronouncedly oval shape at failure, it was 
thought desirable in the interests of accuracy to measure 
the deflection of a horizontal diameter. The deflect omet er 
was therefore attached to the specimen by means of two 
hard conical points in the ends of a clip that snapped into 
diaiiietr ically opposite pr i ck— pun ch ed holes in the specimen. 
The clip was fastened to a steel scale sliding in a slotted 
frame having a vernier. Deflections could be read directly 
to 0.002 inch. The deflect omet er was eminently satisfac- 
tory. It could be removed from the specimen and replaced 
with a change in reading not greater than 0.001 inch and, 
with; the deflect omet er attached, the specimen could bo ro- 
tated about its axis through several degrees with a change 
in reading of the deflection not exceeding 0.001 inch. 

A dial gage, shown in figure 8„ was attached to measure 
the motion of the pillow— block assemblies toward each other 
as axial load was applied. 

With the deflect omet er and the dial gage attached, 
init ial* r eadings of these two instruments were taken, and 
then transverse load was . appl i ed to the specimen by means 
of hangers, an equaliser, and dead weights (fig. 8). The 
axial load was then increased gradually until a maximum 
v/as passed, and frequent readings were taken of the axial 
load, the deflect omet er , the dial gage, and the distance 
between loaded sections. Three specimens after failure -un- 
der combined axial and bending load are shown in figure l(d). 

The axial stress, f 0 = P/A, was commuted as the axial 

"* Cm 1 
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load* Pi at failure divided by the cross— sect ional area, 
A, of the specimen. The bending stress was computed from 
the flexure formula 

where 33 is the maximum bending, moment produced by the 
transverse load and the axial load. The moment arm of 
the reaction for determining the bending moment produced 
by the transverse load was computed from the initial dis- 
tance between the axis of a set of pillow blocks and the 
adjacent loaded section, corrected for shortening from 
the reading of the dial gage and the distance between the 
loaded sections. The bending moment produced by the axial 
load was the product of the axial load and the deflection 
of the middle of the specimen. 

Values of f a and f- D are given in table VI. If 
f a and f- 0 were to be plotted against each other, the 
points would be found to scatter about a series of curves 
representing different values of d/t. The scatter could 

f f d 

be reduced by plotting a a * ~& and a h * ~1 against 

o S d 

each other. It was found that the effect of different 
values of d/t could be much reduced, and perhaps elimi— 

nated within the experimental error, by plotting 

against — — , where 03 and cr«_ are computed from equa— 
A 

tions (3) and (2), respectively. Values of — for com- 

put lug a A and a B , and values of cr a , a- 0 , ^ , and 

aZ are given in table VI. The moduli of elasticity and 
B 

the compressive yield strengths of the individual specimens 
were estimated as explained in appendix A« The ratio .plot- 

tm age ins t the ratio is shown in figure 11. This 

A 

figure still shows appreciable scatter, some of which is 

no doubt due to the uncertainty in the yield s tr engths , almost 

surely so for the 2HY- specimens. The order of these 
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specimens in the tube was 2HY-T1, ~AB , -AB1 , -aB2 , -AB3, 
-AB4j Specimen 3HY-I was an end specimen with an 

abnormally low tensile strength. The compressive yield 
strength estimated from it (see appendix A) would conse- 
quently also "be abnormally low, so that, in interpolating 
the compressive yield strengths of the specimens "between 
-2HY-T1 and 2HY-T, abnormally low values would be obtained 
at the 2HY~I end of the interval. The relative positions 
of the points in figure 11 representing the 2HY- specimens 
reflect this situation, the points for specimens 2HY-AB2, 
-ABS| and -AB4 being quite out of line with the points for 
specimens 2KY-AB and 2HY-AB1. Again, specimen 1HD-AB, 
taken next to a crinkling specimen for which the yield 
strength is fairly well known, falls in line fairly well 
in figure 11; whereas specimens 1HD-AB1 and 1HD-AB2 with 
questionable yield strengths are out of line. Some of the 
scatter in figure 11 is also due to the uncertainty- in the 
moment of the axial lord. As the maximum axial load is 
approached, the deflection increases rapidly relative to 
the axial load, and it is difficult to say just what the 
deflection is at the maximum axial load, frequently no 
Change in axial load is indicated by the testing machine 
for a considerable variation in deflection (several tenths 
of an in.), particularly in the case of the relatively 
thick specimens. It seems quite possible, almost probable, 
that the d/t-effect still showing in figure 11 is due to 
the uncertainty in the moment of the axial load. The ten- 
dency in the laboratory 'fas to underestimate this moment 
(on the side of safety), and, as mentioned, the error in 
the estimate was likely to be greater for the thick speci- 
mens. If this is so, the points representing the HA- and 
the HL- tubes should be moved up. This difficulty of deter- 
mining the maximum axial load and the accompanying deflec- 
tion is inherent in any testing machine that does not fol- 
low through with the load. Dead-weight loading would be 
required to overcome it satisfactorily. The points in fig- 
ure 11 have been approximated to by the equation 

9 9 

/ c a X ', To f' a \>\ To 



< 1, 



(6) 



and the curve represented by the equation is shown in the 
figure. The curve favors low values of ^a/^A anc ^ * en( ^ s 
to be conservative in general. In most practical cases 
in which combined axial and bending loads occur, it is 
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"believed that the axial stress will be smaller than the 
maximum "bending stress, so that the upper half of the 
curve is perhaps more important than the lower half. 

COM3 INED SEEDING AND TORSIONAL TESTS 



The combined bending and torsional tests were made 
as shown in figures 12 and 13, The tests were made essen- 
tially in the same way as the bending tests, except that 
torsion was introduced by clamping split pulleys to the 
specimen at the loaded sections and loading through wire 
ropes leaving the pulleys on opposite sides of the speci- 
men. Pulleys with diameters of 12 and 50 inches were 
used (the 30— in. pulleys are shown in the figures) and, 
oy varying the span, various combinations of bending mo- 
ment and twisting moment could be secured, Great diffi- 
culty was experienced in gripping the specimen in torsion. 
-The grips shown in figure 14 were finally designed and 
worked satisfactorily. Snug-fitting plugs each \\ inches 
long were pushed into the specimen to the positions at 
which the grips were to be applied. The specimen was 
placed in one of- the grips, and three cylindrical- segments, 
shown at the extreme right and left of the figure, were 
inserted in the outer end of the grip symmetrically around 
the circumference of the specimen. Three serrated hard 
steel wedges 1 inch wide, shown in the middle of the 
figure, were then inserted between the specimen and the 
inner end of the grip at the position of one of the plugs 
previously pushed into the specimen. Thes«e wedges slid 
on the three plane surfaces shown at the inner end of the 
left— hand grip in the figure. They were pushed tightly 
against the specimen by means of fine— thread setscrews. 
By also tightening the cylindrical segments against the 
specimen by means of setscrews, the grip was securely 
held on the specimen with its axis and that of the speci- 
men colinear. The other grip was attached in the same way, 
opposite hand. These grips replaced the grips first used, 
shorn in figures 12 and 13, and are shown in figure 15 
attached to a specimen. Three combined bending and tor- 
sional specimens after failure are shown in figure l(e). 
It is interesting to compare the orientations of the 
bucl:les in two of the specimens with those of the bending 
and torsional specimens. In the bending and the torsional 
specimens the buclrles, when they appeared, formed at right 
angles and at approximately 45°, respectively, to the axis 
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of the specimen. In the combined "bending and torsional 
specimens the "buckles appeared at an intermediate incli- 
nation,. as would "be expected. 

The "bending stress, f^, and the torsional stress, f^, 

M M t 
were computed from the formulas f^ = ■sr and f* = — , 

Z 2 a 

respectively, where B and K$ are the maximum "bending 
moment and maximum tv/isting moment. Values of and 

f^ are given In table VII, When t% and f^ are 

plotted against each other, the points are found to scatter 
about a series of curves representing different values of 
d/t. As in the combined axial and "bending tests the 
scatter could he reduced "by plotting 



„ _ f b d m n , T _ f t d m 
cr>. = and T ~ 

* Sd Sd 

against each other. As found previously, the effect of 
the ratio d/t can he eliminated within the experimental 
error by plotting x/t against o ^ jo g , where Tj and 

o-g are computed from equations (5) and (3), respectively. 

Values of l/S and l/S a for computing 0*3 and T rp , 

and values of , T, cr^/a^ , and t /Tj are given in 

table VII. The moduli of elasticity and the compressive 
yield strengths of the individual specimens were esti- 
mated as explained in appendix A. The values of T / T ii 

plotted against a ^/ a 2 are s ~° wn in figure 16. Although 

this figure still shows appreciable scatter, most of it 
can he explained "by variations in yield strength along 
the length of the tubing. The specimens of tube 3HY were 
cut in the order 3HY-BT, — BT1 , ~BT2, -BT3 , — T , ~C , -BT4, 
— BT5, — B , The order of specimens in figure 14 arranged 
according to increasing values of ^^f 0 ^ ^ s 3HY— BT1, 

-BT, -3T2, -BT3, -3T4, -BT5 . It was necessary in the 
absence of other information to assume the compressive 
yield strength of all of these specimens to be that of 
the compressive specimen, SKY— G . It seems rather evident, 

a b 

however, from the low value of — (0.123) and the ac— 

* 

ccrapanying high value of — ( 1.072) for specimen 3HY—BT1 
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that the yield strength of this specimen was greater 
than that of the compressive specimen. It is hardly 
conceivable that T / T j could exceed 1. Since specimen 

3HY-BT1 was near the end of the tube and probably had 
a relatively high yield strength, the yield strength may 
be assumed to have decreased from this end of the tube 
to the other end. If this assumption is made, specimens 
3KY-BT4 and 3HY-3T5 which now appear to have low 
values of a t>/ a B and T / T £ and were on the other side 

of the compressive specimen 3HY—C , would have lower 
yield strengths than assumed, and the points represent- 
ing them would be raised and moved to the right in fig- 
ure 16. The other values for the 3HY- specimens would 
also lie nearer the curve. Another tube exhibiting 
anomalous behavior in figure 16 is 2HD , Specimen 
2HDH33J3 was cut adjacent to a compressive specimen and be- 
tween two such specimens; its compressive yield strength 
should therefore be known rather accurately, and it ap- 
pears to be satisfactorily represented in figure 16 (the 
point (0.099, 1,006)). The other three 2HD specimens, 
however , were cut between a compressive specimen and the 
end of the tube, and none of them was adjacent to the 
compressive specimen. Their yield strengths were all 
assumed to be that of the compressive specimen. It seems 

probable, from the high value of y~ ( 1.047) that this 

assumption was in error and that their yield strengths 
were actually higher than assumed. Finally, values for 
specimens 3HF— BT and 3KF-BT1 gave rather high values. 
These two specimens were cut from the same relative 
position in the tube as the three 2HD specimens just 
discussed, and their yield strengths similarly may not 
have been reliable. The compressive yield strengths of 
the remaining specimens could, in general, be estimated 
more reliably than those of the specimens that have been 
mentioned. All the errors in the previous discussion 
have tacitly been attributed to errors in T and cr^. 

It should be remembered, however, that T rp and cr-g 

also contain errors and that these errors also enter the 
problem, although in an unknown way. 

When consideration is taken of the anomalous points 
in figure 16, the relation between cr^/tfp and T / T T 
can be given reasonably by 
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The curve represented by this equation is shown in 
figure 16. With the apparatus at hand cent inat i ons of 
smaller values of T /t ^ and larger values of <3\>f a ^ 

than those shown could not "be obtained, "bu t , since .any 
curve representing the results of tests .must go through 
the point (l.O, 0 ), the uncertainty in the lower portion 
of the curve adopted is not considered to he excessive. 

CCMBIITED AXIAL, BEUDUT&, AjJfi TORSIONAL TESTS 

The final series of tests, under combined axial, 
bending, and torsional leads, vrere made as shown in 
figure 15. The setup is similar to that used in the 
combined axial and bending tests, but the transverse 
loads were applied by dead weights suspended from oppo- 
site sides of two pulleys, thus producing torsion as 
well as "bending. The pulleys, 35 inches in diameter for 
these tests, played the same role as the pulleys in the 
combined, bending and torsional tests. The procedure 
for making a test was practically the sane as that for 
making a combined axial and bending test. The vernier 
on the deflect omet er was read with a telescope. Three 
specimens after failure are shown in figure l(f). 

p 

The axial stress, f a = - ( was computed as the axial 

load, P, at failure divided by the cross-sectional area* 
A, of the specimen. The bending stress f^ and the 

torsional stress f^ were computed from the formulas 

U M & _ 

f*b 55 -jr and fx. = — , respectively, where M was the 

maximum bending moment and Hj. was the (constant) 
twisting moment. Values of f a , f"b, < n *n& ft are 

given in table VIII. The previous two series of tests 
under combined load indicated that the significant 
variables to be correlated were ^a/^Ai a b /^B » an( * 
T / T [T- These quantities wer^ therefore computed for this 
last series of tests. Values of l/8 and l/6 s for 
computing a A , <j B , t t f r0 m equations (2)., (3), and (5) 



1TACA Technical Note Ho. 896 



19 



values of a a j cr-vj, and T ; and values of cr a /a^, aij/ag, 
and t /Tj are given in table YIII. If the last three vari- 
ables are assumed to form a consistent set for all the 
conditions of the tests, a surface which adequately rep- 
resents them must "be found. The surface must cut the 
a a I a A ■ a D/ a B^P lane the Cf^/tSfg, T/T T -plane in ' the 

curves Of equations (6) and (7), respectively. Several 

surfaces were tried and, since the uncertainty in 
a b/ a 3 v;as far greater than that in ^ a / a A an(1 T / T T> 
observed and computed values of a t,/ cr 3 were compared. 

The surface that was finally selected as most nearly rep- 
resentative of the test data was 



Pb\i / T \i 

v^Ey ^ y^Fy 

The traces of this surface on the coordinate planes are 
shown in figure 17. Of the 21 sets of observed values 
of tf a /a A , oij/aj, and T / T T nine sets fell inside the 

surface and. twelve foil outside. There was a distinct 
tendency for" the specimens with low values of d/t to 
fall inside the surface. This tendency may represent a 
real d/t— effect but, as explained in the discussion of 
tiie combined axial and bending tests, it may merely rep- 
resent tho greater uncertainty in estimating the bending 
moment arising from the axial load. In the case of the- 
thick specimens the moment was estimated lev/ rather than 
high'. An attempt was made to improve the estimate by 
plotting readings of axial load against deflection and 
picking the maximum load from a smooth curve drawn through 
the points, but near the maximum load the curve was so 
flat for a large range of deflection that a reliable 
maximum and corresponding deflection could not be read Jf'f. 
• The only answer to this problem would seem to be dead- 

weight application of axial load, an expensive procedure. 



= 1, (8) 
A 
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APPLICATION TO (HT— 18 0) MATERIAL 



All the results of the investigation have "been given 
in nondimens ional form. This form, which is "best suited 
for presenting test data, is not convenient for practical 
use, and it remains to apply the information obtained in 
terms of the actual material and its dimensions. Although, 
as stated at the "beginning of this report, except for the 
requirement for elongation, all the material complied with 
the required mechanical properties for HT— 150 tubing, 
nevertheless the material is more nearly representative of 
the HI— 180 tubing, minimum required yield strength of 
165,000 pounds per square inch and minimum required ten- 
sile strength of 180,000 pounds per square inch. It will 
therefore be assumed that it does represent HT— 180 tub- 
ing. In order to apply the various equations represent- 
ing the results, the .modulus of elasticity and the com- 
pressive yield strength to be expected of material just 
complying with the specification must be known- The 
average modulus found for the compressive specimens was 
E = 29.5 X 10 6 pounds per square inch. The compressive 
yield strength, 3, is obtained from equation (l) (T = 
150,000) as 175,000 pounds per sour.re inch.. With, these 
values of S and S the several equations of the report 
a ay he transformed. 



crinkling strength "becomes from equation (2) 



f A = 11^,200 



1 + 



£6.18 

d - 1 

t 



419 .9 



2145 



t-J it 



V 



11.54 < ~- < 45.14 (9) 



The curve represented by this equation is shown in figure 4. 
•The modulus of rupture becomes from equation (3) 



122500% 



\ , 38.53 608 .9 

1 "ftiiprf 
\t 



3319 



, 11.54 < 7 < 43.14 

t/ 



(10) 



/ v J 

The curve represented hy this equation is shown in figure 4. 



The modulus of rupture in torsion becomes from equa- 
t ion. ( 5 ) , _ _ ^ 



T 



79100-^ 



i + 



4.051 



a 



- i 



10.54 < | < 39 .14 



(11) 
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The curve represented by this equation is shown in figure 6. 

Equations (6), (7), and (8) for combined loads be- 
come simply 




respectively, where f a , f-^, and f ^ are the components cf 

stress arising from the actual loading, and f £ , f £ , and 

£gi have the values given by equations (9), (10), and ( ll) 

for the particular d/t of the tube being considered. It 
should be noted that all the equations represent maximum 
conditions, that is, conditions at failure. In the pres- 
ence of axial load, f- D must therefore include the bend- 
ing stress produced by this load since this stress may 
be considerable at failure. To estimate it requires a 
knowledge of deflection at failure; use of the deflection 
under the assumption of elastic conditions will not be 
safe. The actual deflection is known only for the par- 
ticular conditions of the tests. Many additional tests 
would be required to determine this deflection for an ap- 
preciable, number of other types of loading. It is sug- 
gested, therefore, that for other types of loading the 
actual deflection be considered to bear the same relation 
to the elastic deflection as the actual deflection of the 
tested specimens bore to the elastic deflection. Figure 
18 shows, in effect, this relation for the specimens tested 
under combined axial and bending loads. The abscissas are 
the ratios of the maximum total bending moment M produced 
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"by the transverse load and ths axial load, computed by 
elastic theory (see appendix 3), to the maximum bending 
moment lit) produced by the transverse load alone. The 

ordinates are the ratios of the observed maximum total 
bending moment M to . A straight line 



Kb ~ • 13 V^b / ^b 



< 3. 6 (15 



expressing the relation for low values of M/K^ is shown 
in the figure. The relation is inadequately defined for 
high values of M/M^ but the equation 



k~ ~ 4 . 4 + I t: 3 • 6 J , — > 3 . 6 ( 1 



may be used if necessary in the absence of other informa- 
tion. If the specimens tested under combined axial, 
bending, and torsional loads were treated in the same way 
the points representing til em would in general fall below 
those shown in figure 18. If the data were sufficiently 
good, it would be possible to draw a series of curves be- 
tween the lines represented by equations (15) and ( 15a) 
and the (do 1 1 ed) 1 ine for the elastic case, B/Mfc - M/Mfc 

each of these curves representing some condition of tor- 
sion; btit the data are not >rood enough. 

It should be emphasised that equations (15") 
and (15a), applied to other conditions of loading than 
those of the tests or to tubing with stress—strain curves 
differing widely in shape from those of the tests, are 
nothing more than arbitrary expressions for reducing 
Young 1 s modulus to make it possible to. estimate the ef- 
fect of plastic deflections by elastic theory. These 
equations are subs tant iat ed by only a limited number of 
tests made cinder special conditions of loading (symmetri- 
cal two— point loading) and represent conditions at fail- 
ure for this type of load. If torsional loads are added, 
the equations become conservative. Nothing is known as 
to how good the relation is for other types of bending 
load. On 'one other hand, consideration of the whole pic- 
ture combined with engineering judgment makes it seem 
that equation (15) may be exploited without too much trep— 
idat ion . 
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To design a tubular member subjected to axial load 
combined with bending load or bending load and torsional 
load, proceed as follows. Select a trial section, compute 
M/Mfc from the known load and dimensions, and then compute 
M/M b and thus M from equation (15). From this value of 
Ui compute f^j 



f * " Z 



Compare the value so obtained with the allowable value 
from equation (13) or equation (14). It may be noted that 
tables "of the three-halves powers and the five-halves 
powers of numbers, such as reference 8, are of material 
assistance in solving equations (12), (13), and (14). 
Charts may also be constructed to facilitate the solution 
of these equations. 



Example 

It is desired to design a tubular cantilever member 
to carry an end thrust F - 16,000 pounds, a bending 
moment * 54,000 pound-inches applied at the free end, 

and a twisting moment M t - 25,000 pound-inches applied 
at the free end. The length I of the member is. 52 
inches. The modulus of elasticity may be taken as 
29,500,000 pounds per square inch. 

Trv a section 3 inches in outside diameter by 0.120 
inch thick. ?or this section d/t - 25.0, A = 1.086 
sauare inches, I » 1.128 inches 4 , Z - 0.7518 inch . 
Then 

16000 _ 14 ?3a 



a 1.08 6 
md, fro© equation (S), 



f A - 187,600 
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so that 



1 a 

— t* 0.0785 
J A • 



Also 



25000 

f. = , ■■ = 16,630 

* 2 X 0.7518 



and, from equation (ll), 

frp w 96,330 

so that 

~ = 0.1726 

The allowable value of f^/f^ may now he obtained from 
equation (14). Substituting in the values just found for 
f a/ f A - nd f t/ f T and solving for ffc/fg gives 



0.893 



In order to obtain the actual value of f ^ , the 

maximum bending moment H must be *:nown. By elastic 

theory (see appendi:; I, equation (33)) for the given con- 
ditions of loading 



ll f 16:JC0 

g- = sec 5 2 / * 2.39 5 

iVi b V 29 5000C0 X 1.128 



md from equation (15) 
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Consequent ly , 

f b 



and, from equation (10), 

f B = 228 , 200 

so that 

■** 

— = G.88S 



Since this value is less than the allowable value of 

0.893, the 3— inch by 0.120— inch tube is satisfactory. 

National Bureau of Standards, 

Washington, D . C, October 2, 1942. 



APPENDIX A 

ESTIMATION OP THE COMPRESSIVE YIELD STRENGTH 
AND YOUNG'S MODULUS . 



After the beginning of the investigation, the me- 
chanical properties of a single tube were found to be 
quite variable along its length and the compressive yield 
strength, for example, of a single compressive specimen 
could not be taken as that of other specimens at some 
distance from it. It was therefore found necessary to do 
what could be done to estimate the compressive yield 
strengths of these other specimens. 

After the variability x-/as discovered, two compres- 
sive s^oecimens vere taken from each tube; but unfortu- 
nately some tubes had been used up by this time, from 
each of which only one compressive specimen had been cut. 
When two compressive specimens existed for a tube, the 



2,824 X 54000 oro 
, = 202,800 

0. 7518 
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moduli of elasticity and the yield strengths of inter- 
mediate specimens v/ere obtained "by linear interpolation 
"between the values for the two compressive specimens. 

When a tube had only one compressive specimen hut 
also one or more crinkling specimens or a tensile speci- 
men not adjacent to a compressive specimen, the compres- 
sive yield strength of the crinkling specimen (or speci- 
mens) or of the tensile specimen was estimated by the 
procedure to he explained. The compressive yield strengths 
of intermediate specimens were then obtained by linear 
interpolation, as mentioned in the last paragraph. 

The moduli of elasticity and the compressive yield 
strengths of all specimens between an end of a tube and 
the nearest specimen for which these quantities were 
known, or had been estimated, v/ere taken equal to the 
values for the nearest specimen. 

The following procedure was adopted for estimating 
the compressive yield strengths of crinkling specimens 
and of tensile specimens not adjacent to compressive 
specimens. If there v/ere no variation in properties 
along the length of a tube, the compressive yield strength 
of such a specimen would be that of the compressive speci- 
men. Denote this yield strength by X. In the case of a 
crinkling specimen the crinkling strength, f^» and the 

ratio of diameter to thickness, d/t, are known. If the 
modulus of elasticity, E, is assumed to be the same as 
that of the compressive specimen from the same tube, 
equation (3) may be solved for the compressive yield 
strength that the crinkling specimen would have had to 
have to satisfy equation (o). Denote this yield strength 
by X f . The "true" yield strength,, S, for specimens be- 
tween the crinkling specimen and the compressive speci- 
men will presumably lie between X and X 1 : 

S = X ± x 2 - X' * x 2 ! (16) 

Here x g . and x ' are corrections to be applied t j X and 

X 1 , respectively, to bring about the equality (16), The 
values of x~ and x 0 * v/ere determined as follows. 

Eight sets of observations, on tubes having two compres- 
sive specimens each, indicated a maximum variation in com- 
pressive yield strength of 184 pounds per square inch per 
inch. Denote by r x the product of 184 and the distance 

between the middle of the compressive specimen and the 
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middle- of the crinkling si^ecinen. The value of x 1 is 

therefore the maacimum value by v;hich the yield strength 
of the crinkling specimen teay he expected to depart from 
that of the compressive specimen. On the other hand, 28 
observations on compressive specimens indicated a maximum 
departure of 0.020 in a ^ from the value given "by equa- 
tion (2). Denote by x ' the quantity —919. x l . That 

is, x 1 t is approximately the maximum value by which the 

yield strength of the crinkling specimen may be expected 
to differ from the yield strength determined for it from 
equation (2). iTow, assume the corrections x 2 and x 2 f 

to be determined from equation (16) and the relation 



*3 ! = n iV 



(1?) 



where n x and £ * are the numbers of observations in 
the two sets discussed: namely, 8 and 28,- respectively. 

x 1 

It is reasonable that should vary, roughly, inverse— 

ly as the numbers of observations in the two sets and 
directly as the maximum errors in the tv/o sets. 

The procedure for estimating the compressive yield 
strength of a tensile specimen not adjacent to a compres- 
sive specimen is essentially the same as that just ex- 
plained. In this case, X* is the yield strength from 
equation (l), and x. 1 is 7350 pounds per square inch, 

the maximum departure of an observed value from that given 
by equation (l). There were 17 observations for determi- 
ning equation (l), so that n 1 I = 17. 

Elimination of X fi and x 2 l from equations (16) and 
(17) give* 

* n iV x 

S = x 7 (i 8 ) 
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The application of the procedure to a specific case 
will be illustrated. The modulus of elasticity and the 
compressive yield strength of specimen 1HD-C were 
29,040,000 and 183,700 pounds per square inch, respec- 
tively. The crinkling strength of specimen 1HD-A was 
179,700 pounds per square inch and its ratio of diameter 
to thickness was 30.80. If f = 179,700, E = 29,040,000, 
and d/t = 30. 80 are substituted in equation (.3) and the 
equation is solved for the compressive yield strength, it 
is found to he 172,700 pounds per square inch. The cor- 
responding value of a A is 1.041. Put 

X a 183,700 . 

XI a 172,700 

The distance between specimens 1HD-G and 1HD~A was 44.75 

inches and therefore x 1 a 184 x 44.75 a 8234. The value 

of *i< Is x x ' = ~fff x 172,700 = 3318 ; n, = 8, and 

for the crinkling specimen n t ! a 28, Substitution of all 
these quantities in equation (18) and simplifying gives 
S a 173,800. 
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APPE1TD LI B 

ELASTIC DEFLECT I OH OE BEAMS UNDBH COMBINED LCAD 



Suppose that a "beam is loaded axially "by equal and 
opposite compressive forces P and further that other 
forces, such as transverse forces, are applied to "bend 
the "beam. Then, the "bending moment M at any cross sec- 
tion may "be written as 

M = M x - Py ( 19 ) 

where K x is the portion of the moment produced hy other 
than the axial load, and y is the deflection. The 
equation cf the elastic curve of the beam is 

31 A = M (SO) 

where I is the least moment of inertia of the cross- 
sectional area about an axis normal to the plane of bend- 
ing, and x is measured in the longitudinal direction of 
the team. Prom equations (19) and (20) 

dx 3 EI EI 

p 

or , with — " a s 



El 



*lZ +a , y= ^ (21) 
dx"- EI 



If the beam is of uniform cross section, the integral of 
equation (21) fflay be written in the forn 



y = ~~ + C^in a:: + C.cos ax 

- — (sin ax/sin ax dx + cos ax/cos ax dx (22) 

p dx dx 
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from which 



dy 1 SMx , p „ 

— s — -; — + C,a cos ax — C^a sin ax 

ax 2? dx x 



1 f «L 4 S M X \ 

- p- (cog ax / cos ax ~S dx + sin ax f sin ax ~ dx IJ (23; 

* \ dx 2 * dx 2 V 

where the arbitrary constants of integration, 0 a and- C 2 , 

are to "be determined from the boundary conditions. Equa- 
tion (22) may also "be written 

M = -C 1 Psin ax ~ C 2 ?cos ax 

+ sin ax / sin ax ~ dx + c*s ax fixefi ax dx (24) 

dx * dx 

It may be noted that the parentheses in equations (22) and 
(23) and the sum of the last two terms of equation (24) 
become zero if M x is a linear function of x. 

The constants of integration for a few conditions of 
loading will be determined. First take the symmetrical 
case of the tests: namely, tv/o equal transverse loads each 

situated a distance k~ from the nearer support, where 
0 % k t> 1, and \ is the length of the beam. M x is 

everywhere linear in x, and from equations (22) and (23) 
if ML denotes the maximum moment produced by the trans- 
verse loads and the origin is taken at one end of the beam, 

for 0 £ x g k-1, 

2 

2M b x 

y = + C-, 1 sin ax - C 2 } cos ax (25) 

Fkl 



dy 2M b 

= p£V + a cos ax - C 2 'a sin ax (26) 



for k~ < 

p - 



x < 



0 - l>< 
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7 



dx 



~ + CiSin ax + G 2 cos ax (2?) 



= C x a cos ax — C 2 a sin ax (28) 



When x =0, y « 0; and therefore C 2 l = 0. When x = k~, 

- fm\ 

^equat ion( 25) ~ ^equat i on( 27 ) > ancl \d.x J equation(2S) 

f d^A ' i I n 

= ' --^ j jl . Moreover, v/nen x = -tt , t*: - u. 

ydx/ eriuat ion (2T8; . 2 dx 

These conditions give 

C 1 I sin k-|a = C x sin k-|a * C~cos k~a 

211 -u III 
— T + C *a cos k-a ~ C a cos k~-a - C £ a sin k-a 
P k I 1 2 1 2 2 

0 ts C^cos i& — C 2 sin —a 

Elimination of 0 1 I from these equations, and solution 
for Q, and C 2 give 

2Ml3 , I I 

C — sin k— a tan —a 

1 Pkla • 2 2 

2H]3 . . I 
C * = ^ pTl^ Sln k 2 a 

Ehe maximum "bending moment occurs at the middle of 
the beam, and when the values just found for Gj and 

C - , together with r 8 I, are substituted in equation (24), 

M 

the maximum value for «<- assuming elastic action, is 

K t 

°in k?7f7 . . 

( 29 ) 



Hb ,1/1 



K 2V EI C0S 



1/1 
2 V EI 
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It is from this equation that .the abscissas of the points 
of figure 18 were computed. 

?or the case of a fceaja carrying a single concern 
trated load at the middle, k = 1: 

1 /F 
oan /— . 
M 2 v EI 

^"71 — (30) 

, ^ OT the case of a "bear, loaded by couples at the 
ends , 2c = 0: 



If J is replaced by 21 in equation (30), the 
case of a cantilever beam loaded by a concentrated force 
at the free end is obtained: 

/p~~ 

tan 1 /Vt 

JL = 'l±l_ 



y e 



i 



If l is replaced by 21 in equation (31), the 
case of a cantilever beam loaded by a couple at the free 
end is obtained: 



~ = sec 1 (33) 



finally, the maximum value' of H'/X% for a uniformly 
loaded beam will be determined. 'In terms of the maximum 
moment produced by the., transverse load 



Equation (22) "becomes 

v _ i^l x A , p . . 8M b 
^ ~ pT~ 1 \ 1 ~ 7 J + o,sm ax + C^cos a:: + 
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and for the determination of C 1 and C s when x = 0 
or 1 , 7=0: 

8Md 



8M*h 1 — cos cci 
q - _ bL- - 

1 P l £ a s S in a I 



The maximum value of M/M^ is at the middle of the beam, 
and substitution in equation (24) of the values of 0 ± 
and C 2 Just found, together with X * gives 

M - Ml f 2 /JL _ jj ( 34) 

M7 PJ2 V 2 v EI V 
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TABUS I.- ffO&HrAi CB 05S-SECT I OH AL PHOPEaTIES OF TUBES 



3 y m bol 


Out side 
diainet er , 

a 

(in.) 


3?h ickness 
of wall, 
t 

(in.) 


: 1 

; 


Cr o s s— 
sectional 
area, 
A 

( sq in .) 


Sect ion 
modulus, 

rr 

(in. 3 ) 


L 
Y 
D 
P 
A 

. .. i 


1 

If 

1 1 

■** o 


0. 065 

• 035 
. 049 
. 055 

• 120 


, . . 

15.4 
35.7 
30.6 
S3, 1 
12.5 


0.1909 
. 1336 
.2234 
. 2930 
.5202 


0.0419 
. 039 5 
. 0785 
.1008 
.1664 



2?ABL1 II.- KBCHA1JICJLL PROPERTIES 01' TUBES 



Speci- 
men 



Young' s 
modulus , 
E 

(lo/sq in 



1HL- 


— '7 1 


29 ,400 


2HL- 


-T 


23 ,700 


3HL- 


-T 


29 ,200 


4HL- 


-T 


29 , 000 


5HL- 


-T 


29 ,100 


6HL- 


~ X 


30,000 


1HY- 


IB 
~~ x 


29 ,300 


2HY- 


-T 


29 ,400 


2KY- 


-Tl 


29 ,200 


3HY- 


-T 


28 ,800 


4KY- 




28 ,500 


5HY- 


-I 


29 ,200 


1HD- 


m 

- X 


28 ,500 


2HB- 


m 


28 ,8 00 


3HD- 


-T 


28 ,900 


4HB- 


-T 


28 , 200 


1EP- 


-T 


29 ,500 


2EP- 


-T 


29 ,100 


3HP- 


-T 


29 ,300 


1HA- 


•T 


29 ,500 


2HA- 


•T 


29 ,300 


3HA- 


•T 


29 ,400 



0.002-ofi- | 5/7 E-secant 
set yield yield 
strength 
(ib/sq in.) 



171 

176 
158 



168 ,000 
165,000 
168 , 000 
168 ,000 
000 
,000 
, 000 
155 ,000 
172, COO 
181 ,000 
175..000 
170,000 
167,000 
COO 
000 
000 
000 



163 
167 
1 6 1 
173 
169 
167 
155 ,000 
159 , COO 
161 ,000 



,000 
000 



s t r en gth 
( lfo/sq in . ) 



Tensile 
Btr engtli, 
I 

( lb/ sq in .) 



Elonga- 
tion in 

2 in. 
(per cent) 



165 
168 
169 
171 
176 
158 
156 
173 
181 



, 000 
, 000 
,000 
,000 
, 000 
,000 
000 
000 
000 
000 



175 ,000 
170 , 000 
167 , 000 
164 , 000 
167 , 000 
16 2,000 
174 ,000 
170,000 
163 , 000 
156 , 000 
160 ,000 
162,000 



181 , 000 
179 ,000 
183,000 
13 3,000 

18 5 , 000 

19 2,000 
168 , 000 
164,000 
189 ,000 
19 2,000 
185 , COO 
173 , 000 
13 3 ,000 
174,000 
18 0, 000 
171 , 000 
187 ,000 
184, 000 
13 0, 000 
176 ,000 
178 , 000 
181 , 000 
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TABLE II.- MECHANICAL PHOPERTIES 01 TUBES (Concluded) 



COMPRESSION 




"V mi r> & 1 q 


5 / 7 71 qpf>ciTlt 


Spec im en 


n o r) n 1 n s 

■i-^i W vi. U. J. U O j 


«y 4. c x u. 




E 


s f, y n t b 




( 11) / sn in ) 


C "L lb 1 Rn in j 


lHL-C 


29 800 x 1 O 3 


179 000 


1HL-CI 


29 ,800 


17 3 000 


2HL-C 


29 600 


l 75 000 


2HL-C1 


29 ,800 


179 000 


3EL-C 


29 200 


176 , 000 


3KL— CI 


29 500 


1 74 000 


4HL—C 


29 , 700 


18 2 000 

— U , Www 


5HL-C 


30 , 000 


179 000 


6HL-C 


29 800 


186 000 


1HY-C 


30 . 000 


186 000 

U- \J W • Vy W 


2HY-C 


29,900 


188 , 000 


3HY-C 


29 , 400 


190 000 

-j- »y \-/ , v-' w v> 


4HY-C 


29 ,300 


196 000 


5EY-0 


29 200 


1 73 000 


1HL--C 


29 , 000 


134 , 000 


2HD-C 


29 , 300 


172 000 


2HD-CI 


28 ,700 


182 ,000 


3HD—C 


28 ,9 00 


177 ,000 


3HD-C1 


29 ,200 


185,000 • 


4HD-C 


28 ,9 00 


181 ,000 


4HD-C1 


29 ,200 


18 2,000 


1HIM3 


29 ,400 


188 ,000 


2EIM3 


■. 29 ,8 00 


184,000 


3HF-C 


29,200 


171 ,000 




29 ,300 


173,000 


1HA-C 


29 ,900 


170 , 000 


IK A— CI 


29 ,800 


166 ,000 


2HA—C 


30,100 


171 ,000 


3HA-C 


29 ,300 


169 ,000 
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TABLE III.- AXIAL TESTS 



Specimen 


d 
t 


Cr inkl ing 
strength . 

f A 

/ 11 /a, ' ^- \ 

\ iD/sq m . ; 


1 _ 

6 

St 


a & = 

£a 




5HA-C 


12.11 


194,600 


15.64 


1.154 


1HA-C1 


12. 25 


191 , 000 


15.96 


1.151 


1HA-C 


12.29 


194,700 


15.56 


1 . 144 


2HA-C 


1 2 » 3 o 


198 ,800 


15.49 


1.160 


2HA-A2 


12.33 


300,800 


15.14 


1.145 


2HA-A3 


12.33 


200,800 


15 . 11 


1.143 


2E1— C 


15 . 23 


194,100 


11.92 


1.112 


5HL-C 


15 . 26 


200,100 


11.77 


1.119 


3HL-C 


15.27 


194,300 


11.61 


1.102 


4HL-C 


15.28 


204,300 


11.40 


1.120 


1HL-A1 


15.30 


198 ,900 


11.85 


1.129 


1H1-A 


15.31 


195 , 200 


11.71 


1.096 


1HL-C 


15.31 


193 ,300 


11.65 


1 . 108 


1HL— CI 


15.32 


19 2 , 300 


12.06 


1.114 


3HL-C1 


15.35 


194,700 


11.82 


1 .118 


2KL-C1 


15.40 


195,300 


11 .57 


1 .093 


6HL-C 


15.40 


204,300 


11.15 


1 .101 


2HE-C 


22.97 


198 ,800 


7.35 


1.079 


1HP-A1 


23.15 


197,700 


7.21 


1.074 


1HE-C 


23.17 


200,100 


7.04 


1 . 062 




23.23 


183,300 


7.58 


1 . 074 


Oil J: — CI 


23 . 23 


18 7,900 


7.50 


1 . 085 


1KJT-A 


23. 23 


191 ,300 


7.38 


1 .068 


1HD— A 


30.80 


179 ,700 


5.61 


1.034 


3HD-C 


30.85 


181 , 000 


5.48 


1.024 


1HD-C 


30.86 


192 , 000 


5.29 


1.045 


4HD-C1 


30.97 


189 ,700 


5.37 


1.044 


3HD-C1 


31.03 


194,000 


5.24 


1.048 


2HB-C 


31.05 


177 ,700 


5.67 


1 .034 


2HD-C1 


31.10 


190,600 


5.23 


1.046 


4HD-C 


31.14 


186 , 700 


5.31 


1.032 

[ 


5HY-C 


34. 18 


174,600 


5.09 


1 .009 


1HY-A 


34.30 


174,700 


5.31 


1.028 


2KY-C 


34.33 


188 ,400 


4.78 


1.004 


4HY-C 


34.75 


202,000 


4.43 


1.031 


1EY-C 


34.9 0 


185 ,900 


4.77 


1.001 


3MY-C 


36.20 


189 ,600 


4.40 


.998; 
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TABLE IT.- SENDING- TESTS 





„ 1 


Modulus 


1 ... 


c 3 = 


Specimen 


d 

"77" 


of rupture 


5 






1 


fB 


Et 


f 3 dm 






( 1/b / sq in . ) 


Sd m 


Sd 


T TT A T\ 

In A— 3 


- . . ... 

12 . 29 




256 , 000 




15 . 56 




1.382 


1HA— 11 


12.30 


256 , 9 00 


15.70 


1 . 402 


1HA— 3 2 


12.31 ! 


255 , 600 


15.82 


1.410 


I 

1HL— B.2 


15 . 28 


248 , 100 


11 .89 


1 . 320 


1EL— 31 


15.31 


241 , 700 


11.74 


1 . 272 


1H1— 3 


15 . 31 


248 , 600 


11.65 


1 . 29 7 


5HL— 3 


15.40 I 


256 , 300 


11 . 65 


1 . 340 


6HL—B 


15.40 1 

1 


247 ,400 


11.15 


1 . 246 


2HE—31 


23 . 06 


234 , 200 


7 . 33 


1 . 216 


OTT TH "no 


23 . 06 


232 , 500 


7 . 33 


1 . 207 


2HE— 3 


23 . 06 


220 , 200 


7 . 33 


1 . 144 


lHff— B 2 


23.17 


241 , 100 


7 . 20 


1 . 253 


lHF-B 


23.18 


246 ,400 


7.03 


1.251 


3K2 1 — B 


23.23 


236 ,400 


7.64 


1.314 


3HJ?— B 2 


23 . 23 


228 , 8 00 


7.60 


1 . 264' 


3HjT— B 1 


23 . 23 


228 , 200 


7.60 


1 . 261 


1H2 1 — 31 


23 . 23 


235 , 300 


7 . 31 


1 . 245 


1HD— B 


30 .9.0 


225 , 200 


5 . 29 


1 . 191 


1HD-31 . 


30.97 


218 ,500 


5.57 


1.217 


4HD-3 


30.97 


220 ,900 


5.37 


1.176 


2KD-3 


31.05 


228 ,600 


5.37 


1.236 


3HD-B1 


31.10 


220 ,500 


5.23 


1 .170 


2HY-B 


34.21 


236 ,000 


4.33 


1.231 


2EY-31 


34.25 


230,200 


4.37 


1.211 


5KI-B 


34.53 


217,000 


5.04 


1. 217 


3HY-B 

\ 


36.10 


211,100 


4.41 


1.08 0 

i 



! 



I 
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TABLE T .— T0ESI»¥AL TESTS 



Specimen 


A 


■ ■ 

Modulus 
of rupture 

( 1 b/sq_ in. ) 


1 _ 

(if 




IHA-Tol 


12. 29 


109 ,600 


2 . 787 


0.5S5 




12.31 


116 ,800 


2. 799 


.641 


ISir-To 


12.31 


111,9 00 


2.773 


. 604 


5HIr-5?o 


15 .26 


110 ,700 


2.134 


.579 


1HL~To2 


15.28 


114,200 


2.155 


.611 


Sol 


15.30 


108 600 


2.136 


.574 


lHL~?o 


15.31 


112,700 


2.117 


.588 


In i •— x o 1 


23 . 15 


106 ,500 


1 .334 


.558 


lHF-To 


23. 16 


102 ,900 


1 . 308 


. «_) 


1HE-T o 2 


23.17 


101 ,800 


1.327 


. 529 


3H?-To 


23 • 32 


91 ,700 


1.369 


.507 


lHD-Tol 


30.80 


95 ,800 


1.007 


• o 2 5 


3ED-To 


30.90 


98 ,300 


.975 


.514 


1HD-T o 


31.00 


92,200 


.975 


.48 6 


5HY-Tc 


34.18 


92,900 


.921 


.521 


2HY-To 


34. 25 


101 ,800 


.891 


.533 



TABLE VI.- COMBINED AXIAL AMD BENDING TZSTS 



Specimen 


CL 


Axial 
stress , 
fa 

(lb / sc[ ij 


Ph'A — A'R"* 


Id. . 


TO CTA^ 




IP "O 


, ( uu 


2HA-AB 


lp 71 
Id « J)± 


*t , oUU 




±\) » jc: 


oh- , ^UU 




T r -7 <-) 


4-3 »o00 




£ic: . oo 


, DUO 


prop— abi 




etc C.r\r\ 








1HD-A31 






1HD-A32 


30.97 


Ug,ioo 


2HY-AB1 


3^.21 


1^2, SCO 


2HY-.ASl.i- 


3^.30 


125 f UO0 


2HY-AB3 


3^-30 


120,200 


2HY-A32 


3^-30 


117,100 


2KY-AS 


3^.30 


90,500 



Bending 
stress , 

ft 

(lb/ sq in. ) 



227,800 
191,400 
23^,500 
90,700 

187,1+00 
163.500 
157,700 
132,000 
269,300 
171,600 
35,200 
52,200 
73,100 

71,300 

92,000 



x 

5 

Et 
Sd 



■m 



15.15 
15.14 

15. lU 
12. 03 

11. 98 

7-39 

7-37 
5.62 

5 
5 
5 

5.50 

5-37 
5.25 
5.01 



.60 

■57 
.15 



a 1 



feu 

S 



.071 
.226 
.028 

.1+88 
.251 
.286 
.313 
.366 
.138 
•277 
.817 
.768 

•723 
.685 

.505 



f b d m 
Sd 



o 



1.191 
1.001 
1.226 
.1*90 
1.008 

.#*9 
.819 
•735 
1.165 

•955 
• 199 
.311 

.1+25 
Ms 

.1+98 



' a.. 
A 



.062 

• 199 
.025 
.1+Ul 
.227 
.265 
.29^ 
.352 

.133 
.267 

•797 
.71+1 
.701 

.666 
.1+95 



5l 



.S71 

.732 

.897 

.373 

•777 
.671+ 

.651 
.606 
.962- 
.789 
.167 
.258 
.35!+ 
.341 
.1+20 



o 
> 

CO 

n 
& 

H* 

O 
P 
I- 1 



o 

o 



00 
to 
o> 



TAHLE VII.- CQMBEED BBNDBTG AHD TORSIONAL TESTS 







Bending 


Toi'sioiip.l 


i | 

5 - 


1 


1 

rv 


T — 






Specimen 


a 


stress , 


s "fc Y e f? s . 




c b = ! 










t 




-p 


St 


I E vl t 




f t d n 


0 


T 






vlo/sq m. ) 


(rb/sq. in. ) 


Sd n 


V s /' cL m 


Sd 


Sd 


°B 


T T 


3HA-BT 


12.10 


212,100 


70,800 


15.66 


2.806 


1.136 


0.385 


0 . 353 


0.621 


3HA.-BT1 


12.10 


163,300 


99,200 


15.66 


2.806 


.388 


•539 


.639 


.369 


3HA-BT2 


12.11 


39,700 


111,400 


15-64 


2.803 


.216 


.606 


.156 


•977 


2HA-3T 


12.30 


217,000 


76,200 


15.15 


■ 2.729 


1.135 


.393 


.330 


.646 


2IIL-3T3 


15.23 J 


30 , 700 


111,000 


11.92 


2. 154 


.164 


.594 


.126 


1.022 


2HL-BT2 


15.25 | 


7W9OO 


106,900 


11.90 


2.150 


Ml 


•572 


.309 


.935 


ZBL-Mk 


15.27 | 


107,700 


103,100 . 


11. SO 


2.137 


•571 


.547 


Ml 


.943 




15.30 


203 , 800 


74,200 


11.5s 


2.10Q 


1 . 080 


•393 


• 335 


.679 


3HL-3T1 


15.30 


173,100 


89,600 


11. 53 


2.109 


• 918 


.475 


.709 


.320 


2HE-3T 


23.O6 


51,100 


102,700 


7-33 


I.3M-6 


,265 


•533 


.211 


1.000 


2HE-BT1 


23.06 


77.300 


100,500 


7-33 


1.346 


.401 


.522 


.319 


•979 


2HE-BT2 


23.O6 


100,900 


96,500 


7-33 


1.346 


.524 


.501 


•417 


.9^0 


3HF-BT 


23.27 


205,800 


66,200 


7.66 


1.331 


1.150 


.370 


.911 


.692 


3EF-3T1 


23.27 


172J00 


77,600 


7.66 


1.381 


•965 


.434 


.764 


.811 


2KD-BT 


31.05 


94,200 


90,100 


5.67 


1.023 


•531 


.503 


.433 


.990 


2HD-BT1 


31.05 


72,400 


93,ooo 


5.67 


1.023 


.408 


.524 


.336 


1 . 021 


2HD-BT2 


31.05 


Us, 100 


95,300 


5.67 


1.023 


.271 


•537 


.223 


1.047 


2.HD-BT3 


31.05 


21,700 


. . 93,100 


5.56 


1.010 


.120 


.516 


.099 


1.006 


5HD—BI 


31 .IS 


181 .100 


^9 .100 


5.42 


.991 

• J J A. 


-992 


.324 


.824 


.634 


3HD-3T1 


31 .is 
36.10 


161,900 


73,ioo 


5.1+2 


.991 


.386 


.400 


.736 


• 783 


3HY-3T5 


181,200 


53,900 


k,kl 


.821 


.927 


.302 


.803 


.603 


3HY-BT4 


36.10 


153,800 


69,200 


kM 


.821 


.737 


• 354 


.681 


.707 


3HY-BT3 


36.% 


101,900 


93,700 




.812 


.522 


.4S0 


.453 


• 958 


3HY-3T2 


36.71 


80,500 


99,6oo 


4.34 


.303 


.412 


1 -510 


.353 


1.020 


3EY-3TI 


36.7s 


27,600 


104,700 


4.33 


.806 


.141 


i .536 


.123 


1.072 


3HY-BT 


36. 39 


56,100 


102,000 
1 . _ 


4.32 


.804 


.287 


j .522 


.250 


1.044 



TABLE VIII.- COMBINED AXIAL, BENDING-, Aim TOBSIOUAL TIDSTS 



" 




Axial 


Bending 


Torsional 


1 _ 


JL_. 


O = 


°-b = 








■: 1 

i 


Specimen 


4- 


stress , 


stress , 


stress 


6 




• 
















fa. 


f b 


f t 


Et_ 


f. E \3 t 


fa 


fb A i.i 


f t<V 

u ill 


Os ■ 

d 


u 


I 

T 
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fa) Compressive specimens, 

lb) Bending specimens. 

fc) Torsional specimens. 

fd) Combined axial and bending specimens. 

fe) Combined torsional and bending specimens. 

(f) Combined axialj bending ^ and torsional specimens. 



Figure 1.— Specimens after testing. 




Variation of f A and fg with d/t. 
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Figure 6.- Variation of f™ with d/t. 
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figure 3,- Felation of compressive yield strength to tensile 

strength. & 



1 











































T 

.7 




i- — 


V0465ji 




/ 




fo} 




t 

/ 

/ 

/ 

/ 

/ 

/ 










0 


o 


^.0003-^ 

0 


/ 
/ 

/ 
/ 

1 


/ 

i 

/ 

/ 

/ 

/ 
















/ 
/ 

/ 

I / 

i / 


/ 

/ 














IT 
a 

L 7 
















/ 
f 
















O IX 


'X.OiS'F 




Figur 


e 5.- V 
w 


ariatio 
ith 4" 

0 


i of 0^ 


and ffg 















// 



io 



o 

f 

ii 

o 

o 



2 



(1 block = 







i 

/ 

/ 

/ 

/ 

/ 

1 












/ 
/ 
/ 

/ 

/ 

/ 












/ 
/ 
/ 

/ 

/ 

/ 












/ 
/ 
/ 

/ 
/ 










/ 
/ 
t 
1 

1— 








A 




1 
1 
1 


O 










i y 

i 

i 

i 

i 

— / 










/ 

/ 

i 

i 

i 

i 










/ 

/ 

-/— 


/ 










/ 

/ 

/ 
/ 

/ 

/ 


Figure 


7.- Relat 
T ^ -ac 


ion betwe 


en 

+ 


l" x .065" L 
l^t . 035" Y 


/ 
/ 

/ 








O Mx.ObS'F 
* H'xJZO~A 

1 « 



± 

5 



it 




Figure 8.— Test setup for combined axial and bending tests 
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Fig. 12 




Figure 12.— Setup for combined bending and torsional tests. 
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Fig. 




Figure 15,— Setup used in oombined axial, bending, and tor- 
sional tests. 



NACA Technical Note No. 896 



Fig. 16 
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Figure 16.- Variation of-— with _J2. . 
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Figs. 17, 18 



JEl 



Figure 17.- Trace of surface representing 

results of combined axial, 
bending, and torsional tests. 
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